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Abstract 

In this paper, we study a free boundary problem for compressible spherically symmetric 
Navier-Stokes equations with a gravitational force and degenerate viscosity coefficients. Un- 
der certain assumptions that imposed on the initial data, we obtain the global existence and 
uniqueness of the weak solution and give some uniform bounds (with respect to time) of the 
solution. Moreover, we obtain some stabilization rate estimates in L°°-norm and weighted 
_ff^-norm of the solution. The results show that such system is stable under the small per- 
turbations, and could be applied to the astrophysics. 
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1 Introduction. 



We consider the compressible Navier-Stokes equations with density-dependent viscosity in M"(n > 
2), which can be written in Eulerian coordinates as 

dr{pu) + V ■ {pu®u) + VP = d\Y{p{Vu + Vn^)) + V(Adivu) - />/, ^ ' ^ 

in a domain {(C) ''")!'? G f^r C M"',r > 0}, the initial conditions and boundary conditions are 

(p,n)(e,o) = (po,no)(o, e G = {e G ir> < \i\ < (i-2) 

where = "0(^01 ''") and is the flow of u: 

f dMi, t) = r), r), e G M", 

Here p, P, H = (ui, . . . ,Un) and / are the density, pressure, velocity and external force, respec- 
tively; A = A(p) and p = p{p) are the viscosity coefficients. 
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For the initial-boundary value problem (jl.l|) - ()1.3p with the spherically symmetric initial data 
and external force 

{p,u){i,0) = (po(r),uo(r)^), ^ € Qo, 

r 

f = f{m,r,T)-, m{p,r)= / r)s""^ds, ^ G O^, 
r Ja 

where r = |^| = \/ £,1 + ■ ■ ■ + Cn^ we are looking for spherically symmetric solutions {p,u)- 

Pii,^) = Pir,T), u{i,T) = u{r,T)-, ieQr, 

r 

where = | a < |^ < 6(r), 6(0) = b, h'{T) = u{h{T),T)}. Then (p, n)(r, r) is determined 

by 

dtp + dr{pu) + ^ pu = 0, , . 

p{dtU + udrU) + drP = dr[{X + 2p){drU + ^U)] - 2{n - l)drP^ - pf, 

where (r, r) € (a, 6(r)) x (0,oo), with the initial data 

{p,u)\r=o = {po,uo){r), a<r <b, (1.6) 

the boundary conditions 

U\r=a = 0, p\r=b{T) = 0, (1-7) 

where 6(0) = 6, 6'(r) = n(6(r),r), r > 0. 

To simplify the presentation, we only consider the famous polytropic model, i.e. P{p) = Ap^ 
with 7 > 1 and A > being constants. And we assume that the viscosity coefficients p and A 
are proportional to p^, i.e. p{p) = c\p^ and A(/9) = C2P^ where ci,C2 and Q are three constants. 

Additionally, we assume the external force f{m,r,T) satisfies 

/(m, r, r) = /oo(m, r) + A/(m, r, r), (1.8) 
for all m > 0, r > a and r > 0, with 

/oo(m,r) = G^^^^, A/(m,r,r) G (:7i(M+ x M+ x M+) (1.9) 

l|A/(-,-,r)||ioo(K^xR+) < /i(r), ||(a.A/,5,A/)(.,-,r)||i.o(i8+xR+) < /2(r), (1.10) 

/i GL-nLi(M+), /2GL2(]R+), 

where M+ = [0, oo), G > is a constant, Mq > is the total mass of the solid core surrounded by 
the gas, and the perturbation A/ tends to as r ^ oo in some weak sense. If Mq = 0, we ignore 
the gravitational effect of the solid core. A/ expresses the influence of the outside gravitational 
force, /oo is the precise expression for its own gravitational force and the gravitational force of 
the solid core, in the astrophysical case (with spherical symmetry). We study the stabilization 
problem of such system, which could be applied to the astrophysics. 
Now, we consider the stationary problem, namely 

{P{Poo))r = -Poofoo{m{poo,r),r) (1.12) 
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in an interval r G (a, Zoo) with the end loo satisfying 

rlao rb 



Pc 



Aloo)=0, / poov^'-^dr = M := / por^'-^dr. (1.13) 

J a J a 



The unknown quantities are the stationary density poo > and free boundary l^o > 0. If 

7 > from Proposition 12.51 we know that there exists a unique solution {pooJoo) to the 

1 

stationary system ()1.12p - ()1.13p . satisfying Pooir) ~ (^So ~ r"')T-i , (poo)r('^) < 0, a < r < /qo with 

Zoo < +00- 

To handle the free boundary problem (jl.5p - (jl.7p . it is convenient to reduce the problem in 
Eulerian coordinates (r, r) to the problem in Lagrangian coordinates (x, t) moving with the fluids, 
via the transformation: ^ 

x = I y''~^piy,T)dy, t = T. (1.14) 



Then the fixed boundary r = a and the free boundary r = 6(r) become 

Mr) r-b 

x = andx= / y" 'p{y,T)dy= / y" 'po{y)dy = M, 

J a J a 

where M is the total mass initially. So that the region {(r, r)|a < r < b(T),T > 0} under 
consideration is transformed into the region {(x,t)|0 < x < M,t > 0}, and the function m{p,r) 
becomes x. Under the coordinate transformation (I1.14p . the equations (ll.5p - (ll.7p are transformed 
into 

dtp{x,t) = -p'^d^{r'^-^u), 

dtu{x,t) = i{a,[p(A + 2/i)9,(r"-in)-P]-2(n-l)f5,/i}-/(x,r,t), (1.15) 

^ r"(x,t) = a"" + nj^ p^^{y,t)dy, 
where {x,t) € (0, M) x (0,oo), with the initial data 



X 

{p,u)\t=o = ipo,uo){x),r\t=o = ro{x) = la"" + n J pQ^{y)dy\ , (1.16) 
and the boundary conditions 

M(0,t) =0, pU.=m = 0, t>0. (1.17) 

It is standard that if we can solve the problem (|1.15p - (jl.l7p . then the free boundary problem 
(ll.ll) - (ll.3p has a solution. 

From ()1.12p - (jl.l3p . it is easy to see that Poo(a^) is the solution to the stationary system, 

Ar^H.p2o)x = -/oo(x,roo), C(x) = a"" + n [ p-^{y)dy, x G (0,M), (1.18) 



Poo(M) = 0. (1.19) 

The results in [HI |20] show that the compressible Navier-Stokes system with the constant 
viscosity coefficient have the singularity at the vacuum. Considering the modified Navier-Stokes 
system in which the viscosity coefficient depends on the density, Liu-Xin- Yang pT] proved that 
such system is local well-posedness. It is motivated by the physical consideration that in the 
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derivation of the Navier-Stokes equations from the Boltzmann equation through the Chapman- 
Enskog expansion to the second order, cf. [6], the viscosity is a function of the temperature. If 
we consider the case of isentropic fluids, this dependence is reduced to the dependence on the 
density function. 

Since n > 2 and the viscosity coefficient /j, depends on p, the nonhnear term 2(n— l)^udxfJ. in 
()1.15p 9 makes the analysis significantly different from the one-dimensional case |l Hll51 [T9 t 1211122) . 
When p. > ij, > and po > p > 0, authors in [HIM] obtained the existence, uniqueness and global 
behavior of the solution for compressible spherically symmetric Navier-Stokes equations with a 
external pressure and without the nonlinear term 2{n — l)^udxP- Following the ideas in [23], we 
can obtain the existence and uniqueness results for the stationary problem in Section [2j In this 
paper, since viscosity coefficients and density will degenerate at the free boundary, we need to 
use the weighted function (M — x) to control the lower bound of the density in Section [3l 

Considering the system ()1.15p - (]1.17p with a general external force, Chen-Zhang obtained 
the local existence and uniqueness of the solution in [3]. In this paper, when the initial data 
{pQ,uo,rQ) are close to the stationary state (/Ocoi 0, Too), we will obtain some appropriate a priori 
estimates and prove that the maximum existence time T* = oo. The difficulty of this problem 
is to obtain the lower bound of the density p. The key ideas are using the classical continuity 
method and the result of Claim 1. In Claim 1, we want to prove that there is a small positive 
constant ei, such that, for any T > 0, if 

I{t) = \\g{;t) - g^U^ <2ei, VtG[0,r], (1.20) 

where g{x,t) = {M — x) i p{x,t) and gco{x) = {M — x) i poo{x), then 

I{t) < ei, yt£ [0,T]. (1.21) 

Using the energy method and induction method, we can estimate the weighted L^— norm of 
9 — 9oo in Lemma [3771 In such process (see Lemmas 13. SMS. 6p . we use the weight function (1 + 1)°^ 
(with a = — |) to remedy the disadvantage of the nonlinear term 2(n — l)^udxP, and use the 
induction method to increase a to —62. Then, by the reduction to absurdity, we can finish the 
proof of Claim 1 in Lemma 13.81 

Our results show that: such system is stable under the small perturbations, does not develop 
vacuum states or concentration states for all time, and the interface d^lr propagates with finite 
speed. 

The assumptions on ci, C2, 0, 7 and initial data can be stated as follows: 

(Al) 7 > 6* G (0, 7 - 1) n (0, ci and C2 satisfy that ci > and 2ci + nc2 > 0; 

(A2) Ni{M - x)^/"' < po < N2{M - x)^/"^, with some positive constants < iVi < A^2, and 
(M - x)''^p',)l e Li([0,M]), (pDx G L2([0,M]); 
9+1 

(A3) no G L\[0,M]), p^^ (no),. G L^{[0,M]), no(0) = 0, 

((2ci + C2)p^i(ro"-ino).) - 2c,{n - l)^{p'oh G ^'([0, M]). (1.22) 

Under the above assumptions (A1)-(A3), we will prove the existence of the global weak solu- 
tion to the initial-boundary value problem (|1.15p - (|1.17p in the sense of the following definition. 
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Definition 1.1. A pair of functions {p,u,r){x,t) is called a global weak solution to the initial 
boundary value problem (jl.l5p - (|1.17p if for any T > 0, 

p,ueL^{[0,M] X [0,T])nC\[0,T];L\[0,M])), 

r ECi([0,r];L-([0,M])), 
p-\ (r"-2n),, (r"-i),. GL-([0,r];LH[0,M])), 

and 

p'+'{r^-\),eL^{[0,M] X [0,T])ncH[0,T];L\[0,M])). 
Furthermore, the following equations hold: 

Pt + p'^ir''~^u)x = 0, p{x,0) = po{x), a.e. 

/•X 

rt = u, r{x,0) = ro{x), r"'(x, t) = a" + n / p^^{y,t)dy, a.e. 



oo rM 

[u^Jt + {P- P(A + 2^)(r"-i^x),)(r"-V)x 



^0 

+2{n-l)p{r'^~'^mlj):,- f{x,r,t)ip]dxdt+ I uo{x)'>p{x,0)dx = 0, 

Jo 

for any test function 'ip{x,t) G Co°(0) with Q = {{x,t) | < x < M, t > 0}, and 

lim — / udx = lim — / pdx = 0. 

e-*o e Jo e^o e J^_^ 

In what follows, we always use C(Cj) to denote a generic positive constant depending only 
on 7, 0, /i, /2 and the initial data, independent of the given time T. 
We now state the main theorems in this paper. 

Theorem 1.1. Under the conditions i |j.i^)) -i f7T77]) and [A1-A3], there exists a constant eo > 0, 
such that if 

poo 

ll/i|lioo+ / il+t)ff{t)dt<el (1.23) 
Jo 

\\uo\\l2 + ||(M - xy^po - Poo)||l- < eo, (1.24) 
then the system il.l5]) - fl.l7\ ) has a unique global weak solution {p,u,r) satisfying 

C-^{M -xy < p{x,t) <C{M -xy, (1.25) 
r{x,t) £[a,C], (1.26) 

/ iM-x)'~-ip'-pl)ldx<C, (1.27) 
Jo 



and 



M;t)\\L^ + \\W-'uUi;t)\\L^ < C, (1.28) 

2(7+9) 

for allt >0 and x G [0, M]. Furthermore, if (1 + 1) t+^+i ff{t) £ L^{R+), for any rj > 0, we have 
j^^ ^u" + {M- x)^{g - goof + (r - r^f^ dx < C^(l + t)-^+^ (1.29) 
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1^ (/-V + /+i^z2)dx<C,(l + t)-T?^S+'', (1.30) 

rV - x)'-T(/ - pDldx < C,(l + ^)-^+^ (1.31) 
Jo 



and 



37+39-1 I V 7+e 7+9 i 

IIp^(-,*)-/^2o(-)IIl- <c,(i + t)-^(wi)+2, (.)||^^ <c,(i + t)-5{W5+T)+4, 

(1.32) 

||n(-,t)||L- <C^(l + ^)"^^^ (1-33) 
/or all t >0, where Cr^ is a positive constant depending on rj. 

Remark 1.1. The uniqueness of the solution in Theorems 1 1 . 1 1 or 13 . 1 1 means that: if (pi, ui, ri) and 
{P2,u2,r2) are two solutions to the system ()1.15p - ()1.17p with the same initial data {pQ,uo,rQ), 
and satisfy regularity conditions in the theorem, then we have (pi,Mi,ri) = {p2,U2,r2). 

Remark 1.2. In particular, the viscosity of the gas is proportional to the square root of the 
temperature for the hard sphere model (as pointed out in jTSj I21j). and the relation between 6 
and 7 is 

= 1^. 

2 

Our condition (Al) covers it. Since the Navier-Stokes system with constant viscosity coefficients 
has the singularity at the vacuum [3 [20], we assume 6* > in (Al). 

1-- 

Remark 1.3. There are no smallness assumptions on ||(M — x) ^(Po)i'lli^ ^^'^ \\Po^ {uo)x\\l'^- 

1-- i+g 
Moreover, eo do not depend on \\{M — x) ^(Po)xIIli and ||pq^ (no)2:||2,2. 

Remark 1.4. Considering the no vacuum system in an exterior domain in W^, Kobayashi-Shibata[9] 

3 3 

obtained \\{p - poo,u){-,t)\\L2 < (1 + t)"* and \\{p - pac,u){-,t)\\L^ < {l+t)~2 when p^o is 



a positive constant. Considering the no vacuum system in [n > 3), Ukai-Yang-Zhao[18j 
obtained ||(p — poo,u){-,t)\\i^2f^ioc, < C(l + t)"*"^^ when p^o is close to a positive constant. 
Considering the one dimensional system with a degenerate viscosity coefficient, we|22j obtained 
\\{p'^ — p2o,u){-,t)\\L°° < C(l + t)~2 when the external force foo is close to a positive constant A'^o 

and the stationary density poo is close to ^ ^oiM-x) ^ i ^ gjj^^g ■^Xo+i ^ ^ ^-y+e+i) ^ \ 
(if 7 + > 3), it is easy to see that our results in Theorem 11.11 are better than the re- 
sults in [22]. Using similar arguments as that in Theorem 11.11 we can also obtain similar 
results in one-dimensional case which are better than the results in [22]. For example, the 
stabilization rate estimate \\{p'^ — p2o, 'u)(-, t)||Loo < C{1 + t)~2 in [22] can be replaced by 

7 + e . 77 -j-g 7 + 9 7+9 I 7) 

Wip^ - p2o,u)i-,t)\\L^ <C^(l+t)~^ + ^ \\p—i-,t)-pj (OIIl- <Cr,{l+t) WrT) + 4, 

t > 0, for any rj > 0. 

Remark 1.5. Since that the information of the dimension n mainly appear in the index of the 
radii r, and we only consider the system with a solid core r > a > in this paper, our results 
can not show the effect of the dimension. In [23j, we studied the global behavior of the solution 
to the similar problem with a positive external pressure and without a solid core, and obtained 
the stabilization rate estimates for the solution of exponential type. The admissible range of the 
parameter ^ depends on the dimension n in [23j. We will study the system without a solid core 
r > and with degenerate viscosity coefficients in the future, and guess that stabilization rate 
estimates of the solution can not better than the results in Theorem 11.11 
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Theorem 1.2. (Continuous Dependence) For each i = 1,2, let {pi,Ui,ri) be the solution to the 
system il.l5\) - [1.17^ with the initial data {poi,UQi,rQi), which satisfies regularity conditions in 
Theorem \l.l\ Then, we have 

[ ((-1 - u,f + p\-'pf-\pr - P2f + pWin - r,f) dx 

fM 

< Ce^' [iuoi-uo2? + pli'^pl2'^ipoi-p02f + PoiPoiiroi-ro2f)dx, 
for all t > 0. 

Remark 1.6. Using similar arguments as that in [3], we can easily obtain such continuous depen- 
dence of the solution on the initial data, and omit the detail. 

Remark 1.7. If we ignore the influence of self-gravitation, i.e. assume fooi'nijf) = G-^—r with 
Mo > 0, then we can also obtain the same results in Theorem 1 1.111 1.2] 

We now briefly review the previous works in this direction. For the related free boundary 
problem of one-dimensional isentropic fluids with density-dependent viscosity (like p{p) = cp^), 
see im [T5| [191 \2T\ [22] and the references therein. For the related stabilization rate estimates of 
1-D free boundary problem, see [5l [T2[ \W[ [22] etc.. For the spherically symmetric solutions of 
the Navier-Stokes equations with a free boundary, see [21 HI HH HU [23l [24] etc.. Also see Bresch- 
Desjardins[l], Lions [TO] and Vaigant-Kazhikhov pT] for multidimensional isentropic fluids. 

The rest of this paper is organized as follows. First, we obtain the existence and uniqueness 
of the solution to the stationary problem in Section [2j In Section [S] we will prove some a priori 
estimates, and extend the local solution in ^ to the global solution in time. In Section [4] we 
obtain the stabilization rate estimates of the solution. 



2 The stationary problem 

Zlotnik-Ducomet |24j obtained the existence of the positive solution to the stationary problem 
with a positive external pressure. Using similar arguments as that in [23], we can obtain the 
following results for the stationary problem without a external pressure. We start with a proof 
of the existence of a non-negative solution to the Lagrangian stationary problem. 



Proposition 2.1. // 



2n - 2 , , 

7> 2.1 

n 



or 



or 



n V(7-l) J ^V2 



2n-2 



and 4-M 7 < + Mo , (2.2) 



2n — 2 



n>2, 1<7<^ and 5J (a- + ^-^^m'-^) " <^{f + Mo), (2.3) 

7-1 

where 6q = a"'{l — 2n-2 ^ '^^-i ^ ^ ' then the Lagrangian stationary problem il.l8\) - [1.19\) has a 

„ 1 - - 

non-negative solution poo G '^([0,M]) satisfying {M — x)i < Poo{x) < C(M — x)t, where 

/3 G [1) « constant. 



7 



Proof. We introduce the nonlinear operator 

I:K^ W^''^{[0,M]), 



where K 



/gC([o,m]) 



/>o, 



I {M-x)i 



LOO < OO, 



{M-x)'t 



< OO, >, by setting 



\ 



A 



with r]{x) = a'' + n / f-^{y)dy, x G [0, M]. 



We can restate the problem (I1.18[) - (ll.l9p as the fixed-point problem 

Poo = I{Poo)- 



(2.4) 



have 



and 



For all / G i^^^,^^ = [f ^ K 5i{M - x)^ < f{x) < 52{M - x)^ | with < (5i < (^2 < oo, we 



a"<r^(x)<a" + 



717 



5i(7-l) 



7-1 
M 1 



/G(M + Mo) 



2^ (^-^)"<^(/)(^)<{^:4^ 



(M - G [0,M]. 



If 7 > ^"^ ^ , then I{Ks.^^5^) C -f^<53,54, where (54 = ^ and ^3 is a positive constant 

satisfying 53(0"" + ^^^^_^~^ M t < ^("y + -/W^o)- And one can immediately verify that / 

is a compact operator on ^^,53,54. Since ^^,53,54 is a convex closed bounded non-empty subset of 
C([0, Af]), the problem ()2.4p has a solution p G ^^53,54 by Schauder's fixed point theorem. 
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Similarly, if 7 = ^ and {j^^m'-^)^ < f (f + Mq), then /(i^55,54) C Ks,,s„ where 

7-1- 



M 7 



, and problem (j2.4p has a solution p G i^55,54- 

7-1 2n-2 



Similarly, if n > 2, 1 < 7 < ^ and <5;|'(a" + j^^^M")— < ^(f + Mq), then 



-f(-f^<56,<54) C i^56,54! and problem (j2.4p has a solution p G Ksg^s4- 

Similar to [23], We say a stationary solution {poo-,f^) is statically stable if 

J[iy] := / (7A/,J,+^T^2_(2^_2)G(Mo + x)r^-3"W^2)^^ 
^0 



□ 



> 5^ 

for some (57 > and all 
VFGi^i = i/GC7([0,M]) 



A/ 



1+7 



{M -x)~W^ + W^]dx 



(2.5) 



/(0) = 0, (M-x)-/'(x) 



< 00, 



(M-x)"/'(a;) 



< 00 



Now, the static potential energy takes the following form: 



S[V] 



M 



A 

7^ 



1-7 



+ 



G(Mo + x){nh)~^dh dx. 



(2.6) 
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We call V eK2 = If eC{[0, M]) 



/(0) = ^, (M-x)^/'(x) 



< oo, 



1 



is a point of local quadratic minimum of S if 



{M-x)-yf'{x) 



< oo 



S[V + W]- S[V] >68 J ((M - x)~W^ + T^^j dx, 



(2.7) 



for all W £ Ki and ||(M — x)'yWx\\L°^([o^M]) + ||W^liL°° < ^9, for some > and 6q > 0. 

Proposition 2.2. If ^ > ^"^^ and poo « solution of the problem il.l^) - [1.19\) satisfying 

Poo e W^^'^([0,M]j andC-i(^-a;)^ < /Ooo(a;) < C{M-x)^, then we have and (2^ hold 
with V = Vc^ = 



Proof. From Too > a, i^p< 
have 



'oo)a; 



<j ^^n-f and (rJJ^)^ = np^, using integration by parts, we 



/ {^Ap]^ml + {2n-2)A{p, 
Jo 

rM 

/ {lAp]^ml - 2(2n - 2)Ap2or-"M^W^x 

JO 

+n(2n - 2)Ap2cr^^^^''W^^) dx, for all W Ki. 



If 7 > we have 



M 



J[W]>Cr^ / ({M -x)^~^W'^ + {M -x)^W'^)dx. 



7-1 



From Too > a and (^d/), 
inequality, we have 



'oo)x 



-G ^i'it^ , using integrating by parts and the Cauchy-Schwarz 



M 



W^dx < C / {M -xY~~W^dx + C 



^ Mo + x 



G- 



„2n-2 
' oo 



C 1 {M - xf'^W'^dx -C A{pl^)^W'^dx 



M 



M 



< C i{M -x)~W^ + {M -x)~W^)dx 



(21 



then, we have (|2.5p immediately. 
Similarly, we obtain 

S[Voo + W]- S[Voo] 



1 r^^'' r 1 -I 

= - {A[^+om-x)^w,\)]p'+^w^ 

-2A[2n - 2 + 0{\W\)]p2,r^^WW, + n^[2n - 2 + Oi\W\)]p2^'r^^^W^) dx, 

for all W £ Ki. Here, 0((i) means 0(d) — > as d ^ 0. If 7 > ^"^^ , choosing 6g small enough, 
we can obtain ()2.7p immediately. □ 
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Using the similar argument as that in Proposition 12.21 we could obtain the following unique- 
ness result. 

Proposition 2.3. Let p^o be a solution obtained in Proposition \2.1l and p2 be another solution of 

the problem [Tl^) - [rm) satisfying p2 £ VF^'^([0,M]) andC-^{M -x)^ < p2ix) < C(M-x)^. 

If 1 > ^"^^ and II (M — x)~~ {poo — P2){x)\\l°° ^ ^lo with a small enough positive constant 5io, 
then we have poo{x) = P2{x), a.e. x £ [0,M]. 

Proof From (frT8]) - (frT9]) . we have 

Ap'oo= r G^^^^dy, r^(x) = a" + n f p-J{y)dy, 
Jx roc Jo 

AP2= I G ^^J^^ dy, r2(2;) = a" + n / p2^{y)dy, 

and 







MpL -pI)= G{Mo + y) (r^-^'^ - r^-^") dy. 

J X 

Multiplying the above equality by {p^ — p^^), integrating over [0,M], and using the fact that 
niP^ - P2^){x) g{y)dydx = 5r(rJ^ - r^)dx, we obtain 



Aiplo - pDip-J - P2') - ^ (r^-^" - rr^")(r^ - r^") \ dx 

[-A[^ + 0(|(M - xrhpoo - P2)\)]p]^^{p-J - P2'? 

[2n - 2 + 0(|rS, - r^^DK^D.^-'^CC " ^2")'} dx 
'^^ ( 1 

{^[7 + 0(|(M - x)--{p^ - P2)\)V^\p-^ - P2^? 



- — [2n - 2 + 0(|r^ - rl\)\pl,r-^ (jl, - rl){p~^ - p^') 

+ -[2n - 2 + 0(|C - rmP^r^'^'ir^o " ^2)') dx 
n J 

< -G-'J^ ({M-x) — {p-J-p:,^f + {M-x) — {r^^-r^f)dx, 

when 7 > ^"^^ and 5iq is small enough. Thus, we can obtain poo = P2 immediately. □ 
Now, we shall use the shooting method to prove the uniqueness of the solution G K- 

Proposition 2.4. Under the assumption \2.1\) . the Lagrangian stationary problem U.18\) - [1.19\) 

has a unique solution p^o G K . 

Proof. We consider the Cauchy problem 

2 — 2n -I 

(Ap^)^ = -G{Mo + x)inV) — , (V)^ = p~\ x G (0,M), (2.9) 

a" 

P\x=o = ^' K=o = (2-10) 
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for the unknown functions p{a,x) and V{a,x), where o" > is the shooting parameter. Thus, 
for each a > 0, using the classical ODE theory, there exists a unique solution to the problem 
dZ^D-dZlH]) satisfying p{a,x) > for x € [0,M<^), where either p\^^j^.j = and G (0,M) or 
M„ = M. 

Clearly, if p^o ^ K \s a, solution to the problem ()1.18p - ()1.19p . then p^o satisfies ()2.9p - (l2.10p 
for some o"o > 0, and Mo-g = M. We will show it is possible only for one value of a. Using similar 
arguments as that in [7J (§V.3), we obtain that {d^p"', daV) is well defined and satisfies the linear 
Cauchy problem 

A{d^p^). = (2n - 2)G{Mo + x){nVf-^d^V, (d^V)^ = --p-^-^d„p\ x G [0,M,), (2.11) 

7 

d.p\=, = l. 9.^L=o = 0- (2-12) 

It is easy to see that 

9,pT>o, <o,5,y <o 

hold on (0,M4), where either dap"']^^^^ = and M4 G (0,M^) or M4 = M^. We claim that 
only M4 = Ma- can occur. 

Assume that M4 G (0, M^). Letting (j) = Ap^ {daV)^ + .^Ad^p^ from and (f2lT]) . 
we have 

-Mi 



(t^dx = { Ap'daV + -^AdaP<V 
In — I 



A/4 



By the estimates p{a,M4) > 0, da-p'^\^^jy,j^ = 0, 5o-T^|^^^j^ < and the initial condition (|2.10p 
and (f2J2]) . we get 



M4 

(hdx < 0. 





On the other hand, from ()2.9p and ()2.1ip . we have 

</> = Ap-'daP^-^ - i) > 0, X G (0,M4). 
In — I 7 

It is a contradiction. 
Thus, we obtain 

p{a, x) > 0, daia, x)p > 0, x G (0, M^), 

and Mo- is non-decreasing on a G (0, 00). Therefore, for each fixed point x G [0, Mf,), the function 
p(cr, x) is strictly increasing on o" > 6. 

If there exists cJi 7^ do such that Mo-^ = Mo-q = M and p((Ti,x) G then there exists 
minjcjo, cTi} < C72 < maxjcTQ, CTi} such that < II (M — x) ^ (p(iT2, x) — /)(fTo, x))||z,oo < (Jio- Prom 
Proposition 12.31 we have p(cJ2,x) = p{aQ,x) = Poo{x), which is a contradiction. Thus, we finish 
the proof of Proposition 12. 4[ □ 

Using the properties of the transformation ()1.14p and Propositions 12. 1112.41 we can obtain the 
following proposition immediately. 

Proposition 2.5. Under the assumption ^2.1\) . the Eulerian stationary problem U.12\) - [1.13\) 

1 

has a unique solution (pooJoo), satisfying Pooir) ~ {l^ _^"-)7-i^ {poo)r{'f) < 0, a < r < l^o with 

loD < +00. 

Remark 2.1. The uniqueness of the solution in Proposition 12.51 means that: if {pooi,^ooi) and 

(Poo2, ^002) are two solutions to the Eulerian stationary problem (jl.l2p - (jl.l3p with the same total 

1 

mass M, and satisfy Pooi{r) ~ {l^i -r")T-i, i = 1,2, then we have(/9ooi, ^ooi) = (/>oo2, ^002)- 
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3 Global Existence 

Using similar arguments as that in [3], we obtain the following local existence and uniqueness 
result and omit the proof. 

Theorem 3.1. (Local Result) Under the assumptions in Theorem \1. 11 there is a positive con- 
stant Ti > such that the free boundary problem 111.15]) - fl. 17^ admits a unique weak solution 
{p,u,r){x,t) on [0, M] x [0, Ti] in the sense that 

p{x,t),u{x,t),r{x,t) e L'^{[0,M] x [0,T,]) n C\[0,Ti]; L\[0, M])), 

p'+^d,{r^-\)eL^{[0,M] X [0,ri])nCi([0,Ti];L2([0,M])), 
9xr"-\5.(r"-2^) G L°°([0,ri],Li([0,M])), 
and the following equations hold: 

dtp = -p^d^ir'^'^u), p{x,0) = po, 

dtr{x,t) =u{x,t), r'\x,t) =a'^ + n p-\y,t)dy, (3.1) 

Jo 

{r'{p\)t = -'^-f^u, - Ur^ip^). + ri+^-«/) , (3.2) 

2ci + C2 2ci + C2 V / 

(2ci+C2)/9^+^(r-in), 
= Ap^ + 2ci(n - 1)/^ + {--^ + 2ci(n - 1)/ ^ - ^] dy, (3.3) 

for almost all x G [0, M], any t G [0, Ti], where (3 = "^^^2^^^^^^ , 

oo r-M 

[ui^t + {P- P(A + 2M)(r"-^),)(r"~V). 

+2{n-l)p.{r'^-'^uip)^- f{x,r,t)ip]dxdt+ I tto(x)V'(x, 0)(ix = 0, (3.4) 

Jo 

for any test function ip{x,t) G C^{{0, M] x [0, Ti)). Furthermore, we have 

^(1-x)- <p(x,t) < 3iV2(l-x)-, (x,t) G [0,M] X [0,Ti], (3.5) 

(M-x)-^p(x,t) GC([0,ri];L°°([0,M])), (3.6) 

7-9 



JO 



(M-x)^(p'^),, pt, uteL^{[0,T,];L'{[0,M])), 



0+1 



p—u^t G L'([0,M] X [0,ri]), pd.,u G L°°([0,M] x [CTi]). 

Remark 3.1. From (frT5]) i. (l33]) and G Lf^^, we have (M - xy^dtp G L^. Thus, (f5:6|) 

holds. 
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Assume the maximum existence time of the weak solution in Theorem 13.11 is T*. In this 
section, under the small assumptions on the initial data, we will obtain the following a priori 
estimates and prove that T* = oo. In the following, we may assume that (p, u, r)(x, t) is suitably 
smooth since the following estimates are valid for the solutions with the regularities indicated in 
Theorem 13. II by using the Friedrichs mollifier. 

From (jl.9p . (jl.lSp and Proposition 12.11 we could obtain the following lemma easily. 

Lemma 3.1. Under the assumptions of Theorem \l.ll we have 

ApUx)= r G^^^^dy, (3.7) 

C-\M -x)^ < Poo<C{M -x)^, roo(x) G [a,C], (3.8) 
r, 

for allxe [0,M]. 



(ApUx)) = -G^^, < (M-xy-^-poo{x) < C, (3.9) 



Lemma 3.2. Under the assumptions of Theorem \l.l\ we have 

±r('-u^+^+rG^ds)dx 

+ I f-ci + C2] p'+<^[dAr-\)f + ^i!^cipi+^(r"-in. - -A dx 
Jo [\n J n rp } 

r-M 

= - Afudx, t G [0,r*). (3.10) 
Jo 

Proof. Multiplying (jl.l5p 9 by u, integrating the resulting equation over [0, M], using integration 
by parts and the boundary conditions (jl.l7p . we obtain 



^ y -n^dx + J {(2ci + C2)pi+^[5,(r«~M]'-2ci(n- Va,(r"-V)}dx 

Ap^d^{r''~^u)dx- / fudx. (3.11) 







From (jl.l5p . we have 



M d A 

Ap^d^,{r^-^u)dx = -- -p'-^dx, (3.12) 

at Jq 7-1 



fudx = — - [ [ G — — dsdx — [ Afudx, (3.13) 

dt.lo J a S"-^ Jo 



and 



(2ci + C2)p'+'mr^~\)f - 2ci(n - l)p'd^{r^-\^) 

= f-ci + 02) p'^'[dAr--\)f + ^^^cipi+^(r-i^. - ^f. (3.14) 
\n J n rp 

From ([3lT]) - (f3l^ . we obtain ([XTO|) immediately. □ 
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Now, using the classical continuity method, we will obtain the estimate of ||(M — x) {p — 

Poo)||l°°- 

Claim 1: Under the assumptions of Theorem II. 1^ there is a small positive constant ei > eo, 
such that, for any T G (0,T*), if 

= -5oo||l- < 2ei, VtG[0,r], (3.15) 

where t) = (M — x) Tp(x, t) and gfoo(a^) = (Af — x) t/9oo(2;), then 

I{t) < ei, V t € [0,r]. (3.16) 

Using the results in Lemmas 13. 3113. 8| we can give the definition of ei in ()3.55p and finish the 
proof of Claim 1. 

Lemma 3.3. Under the assumptions of Theorem \l.l\ and hS.l^^) . if ei is small enough, we obtain 

Cfi(M-2;)7 < p{x,t) < Ci(M-x)^, (3.17) 
r(x,t) G [a,Ci], (3.18) 

for all t G [0, T] and x G [0, M]. 

Proof. From (jl.lSp -^. (|3.15p and Lemma [3TT1 we can easily obtain the estimate (|3.17p and (|3.18p 
when 4ei < min^gp ^y/j g^o- 

Lemma 3.4. Under the assumptions of Lemma \3.3[ if ei is small enough, we obtain 

[u" + {M -x) — {g-goof + {r-r^f^dx<C2el (3.19) 

j^\\u{-,s)\\loods + (y'^ul + p^-^u^^{x,s)dxds <C2el, (3.20) 

for allt G [0,r]. 

Proof. From I^M), dSZl) and (l330D . we have 



d_ 
di 



I'M 1 \ 

-u^dx + S[V] - S[Voo]] 



M 



2 \ 1 I ar„ / mO 2(/l 1) 1 I fl, „_i U 



M 







A/udx (3.21) 
where T^o = ^ and 1/ = ^. From ([2771) . (f3T7l) - ([3T8]) and Proposition [221 we have 



C-^ I {M-x) — {g-goo? + {r-r^fdx 

'■M 
10 





< S[V] - S[Voo] < C {M-x) — {g-g^f + {r-r^fdx, (3.22) 
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when ||(M-x)^(/9-i-p-i)||Loo + |li(r"-0||Loo < 6361 < 6q. From ^M, (I2IZD-(I2351) and 
l^23)-<^3M, we obtain 

y |n2 + (M-x) — (ff-5oo)^ + (r--roo)^|dx + J J \^p^+\l + p^-\^j dxds 



< Cel + C h{s)\\u{;s)\\L^ds. 
Jo 

Since G (0, 7 — 1), we obtain 



(3.23) 



\u{x,t)\ 



Uxdy 



<C( I p'^^ldy 



< C{ I p'+'uldy] ( / {M-y)- — dy] <C{ I p'+'utdy ] (3.24) 



and 



C his)\\ui;s)\\L^ds<- / p'+^ldyds + ffdt. (3.25) 

JO JO JO JO 

From (fr23]) and (l3:23|) - ([3:25]l . we can obtain ([339|) - (l3:20| ) immediately. □ 

Lemma 3.5. Under the assumptions of Lem.ma \3.3l if ei is small enough, we obtain 
i-M i-t I'M 

{l + tr / pt\9-goo?dx+ / / {l + sT [pVia - 9oof + {r- r^f] dxds < C^eq, (3.26) 

JO JO JO 

for all t G [0, T], where a = — |. 

Proof. Multiplying (jl.l5p 9 by (1 + i)°r^~"(^ — ^), integrating over [0,M], using integration 
by parts and the boundary conditions (|1.17p . we obtain 



{1+tr 
-(1+0 



Mp2o - P^){p-' - P-J) + G{Mo + x)(r2-2" _ r'^'-){- - ^) 

n n 



)dx-(l + t)" / A/r 



M 



00 



n n 



dx 



+ (1 + tr / (2ci + C2)p'+'d,{r^-'u){p^' - p-^)dx 
JO 

fM / n n \ 4^ 

+ a+tr 2ci(n -!)/ -( 2£) dx:=Vi?,. 



dx 



(3.27) 



We can rewrite the left hand side of (j3.27p as follows 



rAI 

L.H.S of (I32ZI) = {l + tr [A{j + 0{e,))p^\p~'-p^^f 

JO 



_(2n - 2 + 0(6i))G(Mo + x)r^-3-(- - I^S^)^ 

n n 



dx. 



Similar to (12. 5D. we have 



A/ 



L.H.S of > C5(l + tr / P^H-? - 5oo)' + (r - ro.) 



(3.28) 
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when ei < 6iq is small enough. 

Using (j3.17p - (j3.19p . integration by parts and Holder's inequality, we can estimate Bi as 
follows. 



dt Jq ^ ' r"-i \ n n J ^ Jo ^""^ 



n 11 



+ (1 / - + ^ > °° 







d 



M 



< —T \ {^ + tT-^['- —\dx + C I u^dx + Cel{l + t)''-\ (3.29) 

dt Jo r"-^ V ^ ri J Jq 

B2<Ceo{l + trfi, (3.30) 



B^ 



2ci + C2 



2ci + C2 



2ci + C2 d 
^ di 



I'M 1 1 

/ (p^)i(l+t)-( )dy 

Jo Poo P 



M 



dth{p,p^){i + tYdx 



Jo ^ Jo 



h{p,poo){l + tr-^dxi,3.31) 



where /i(p,Poo) = J^, ^^'"'(^ " l)*^^ ^ p'o^Hd - 9oof, and 



^4 < C(l + t)' 



dx 



M 



p^'^^ul + p^-^u^ ] dx 



M 



M 



[p'+^ul+p'-^u") dx 



< c{i + tY 

< c{i + ty 

since 7 + 6* - 1 > 0. From ([3221)- (1132]), we get 

<i f^^. ^a^ u fr'' 2ci + C2,, , 



(M - x) -y 



(3.32) 



I'M 

/ (l+t)"-VL~'(5-5oo)' + (l+t)"{prM(5-5oo)' + (r-roo)']}dx 
Jo 

+ Ceo(l + t)"/i + C / n^dx + Ceg(l + t) 
Jo 



< cil + ty 



p^^^uldx + |ln(. 



1 ^)\\L'^ 



And using p.23p . (j3.17p - (|3.20p and Holder's inequality, we obtain (j3.26p immediately. 



a-l 



□ 



Let £2 G (0,min{5, -p^, 2(3^ 



1 -1 e I T ^ I) be a constant. Define and {ctj} by = ^+^~^) 



ft- 1 



£2 



and ao = a 



362' 

4 - 

and /?j € (— |, 1 — ^), j = 0, 1, . . . , A^4. Then, the following lemma can be proved by induction. 



[1 — e2, 1 — ^) and € (—£2, — x)' ■'-^ ^^^^ 



j = 0,1,.... Let A''4 be a integer satisfying /J^r^ G 

1 
4 



■i + f <0, a, G[-|,-f) 



16 



Lemma 3.6. Under the assumptions of Lemma \3.3l if ei is small enough, we obtain 

{n2 + (M - xf-^{g - goof + (r - r^f} dx < Cjef'^^'il + ty'-\ (3.33) 

/t i-t i-M 

{l + sf-'^u{-,s)\\l^ds + J J {1 + sf-'^ (^p^+\l+p^-^u'^j{x,s)dxds<C7ef 



(3.34) 



{g - 9ooYdx + I I £:2iL_^£ — n"",^ Lo' '^^^dxds < Cjel ^ (3.35) 



(1 + 0- Jo Jo + « 

for all t G [0,T], where Cy is a constant depending on €2- 

Proof. The following estimates can be proved by induction: 



[u^ + {M-x) — {g-goof + {r-r^fjdx<Cj,,,el~'{l + t)-''^, (3.36) 

(1 + sf^ (p^+^n^ + /"^u^j (x, s)dxds < Cj,,^et~\ (3.37) 



/O JO JO 

I-M i-t i-M 

(1 + tr^ / p^-i(5 - g^fdx + / / (1 + >.)". [p2o-H5 - 9oo? + {r- r^f] dxds < C,- ,,6^, 
JO JO JO 

(3.38) 

for all t > 0, where Cj^^j is a constant depending on j and 62, j = 0, 1, . . . , A^4. 

From (l3T9D - (l3:20|) 'and (l3:26]l . we obtain (I336|) - (l338l) hold with j = 0. Now, suppose that 
(lOHD - dOHD hold with j = A; > 0. To show dOHD - dOT]) hold with j = k + l, from ([MT]) . we 
have 

|{(1 + .)^^.^ + 

Jo I n n J 

= /3fc+i(l + t)"My^ -u\x,t)dx + S[V]-S[Voo]] -{l + t)f'^+' Afudx, 



where Voo = ^ and V = Integrating the above equality in [0,t], using (jl.24p . (|3.17p - (|3.20p . 
(|3.22p . (|3.38p with j = k and the fact that < 0, we obtain 

(l + tfk+i {u2(x,t) +(M-x)^((7-5oo)^ + (r-roo)^}dx 



< Ce^ +C / (l + s)'^'=+i/i(5)||n(-,s)||Loods. (3.39) 
Jo 

Prom (jl.23p and (j3.25p . we can obtain (|3.36p - (|3.37p with j = k + 1 immediately. 
To show (lOHD with j = k + l, from ([3211) -([H^ED, we have 



+ 



A{p2. - P'){p-' - P-J) + G{Mo + x)(r2~2" - r^-2n)( 2£ 

n n 



dx 
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-(1 + 



M n 



A 2£)dx - (1 + / A/r^-" 22 Ux 



n n 



M 



' ' oo 



n n 



+(1 + tr-+- / (2ci + C2)pi+^5,(r"-iu)(p^i - p-^)dx 
Jo 



i=l 



and 



L.H.S of dOO]) > C8(l + 



A/ 



Plo^ia - 9ocf + {r - roof 



dx. 



(3.40) 



(3.41) 



Similar to (j3.29p - (j3.32p . applying the estimates (|3.17p - (j3.19p . integration by parts, Holder's in- 
equality and the fact that a^+i < 0, we can estimate Ei as follows. 



El < 



dt 



M 



+ 



1 



°° * dx + CWufroc + Celil + t)"'=+i-\ (3.42) 
n n ' 



E3 
and 



2ci + C2 d 
e di 



M 



E2<Ceofiil + tr'+\ (3.43) 
ak+i{2ci + C2) 



h{p,poo)il + t)'"^+'dx + 



■ / h{p,poo){i+tr'+'-^dx, 

Jo 

(3.44) 



^4 < C(l +t)"^"? 



M 



(l+t)^'=+i / p^+^u^dx + ||ti(-,t)|| 



(3.45) 



Using (fr23D . (l3:iOD - (|3:i5|) . (l336|) - (|3371) with j = A; + 1 and Holder's inequality, we get 



/ (l + tr''+^p^^\g-g^fdx+ / {l + sr'^+--'p'^\g-g^fdxds 
Jo Jo Jo 

(1 + s)"'=+i {p2o'' [(5 - 9oof + {r- Too)'] } dxds 



< C(l + t)"*+W !u||r-roo|c^x + C / |no||ro - r^oldx 



Af 



+c 



t r- 



/i(l + s)"'=+i +eg(l + s)"*+i-i + 



ds 



+C / (l + s)-2-^ 

< cer^\ 



(1 + t)'^'=+i 



M 



p'+^uldx + \\u[-Ml^ 



ds 



(3.46) 



and finish the proof of (I3.38P with j = k + 1. Thus, we show that (I3.36p - (l3.38p hold for j = 
0, 1, . . . , A^4, and obtain (j3.33p - (|3.35p immediately. □ 

Prom Lemma 13.61 we can obtain the following estimate of the weighted L^— norm of 5 — goo- 

Lemma 3.7. Under the assumptions of Lemma \3.^A we obtain 



M 



(M-x) ^ {9-goofdx<C^el ^^G[0,^]. 



(3.47) 
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Proof. Using (j3.33p . (|3.35p and Holder's inequality, we have 



M 



9-l + (7~e)e2 



(M-x) T {g-Qoo) dx 



< c 



M 



(l + ty--^M-x)^{g-g^ydx 



7-1 



1 '^2 



M 



{M - x) '< 



{g - Qoofdx 



1-62 



< Ce 



2-JV4 



□ 

Then, using the similar argument as that in [22], we can finish the proof of Claim 1 in the 
following lemma. 

Lemma 3.8. Under the assumptions of Lem.ma \3.3[ if is small enough, we obtain 



\9{x,t) - goo{x)\ < Cioej' 

for all X G [0, M] and t G [0, T]. 

Proof. From (j3.2p . for any fixed x £ [0, M], we have 

ft 



(3.48) 



Ii{x,t) + 



r^{x)p'o{x)+l2{x,t), x€ [0,M], tG [0,T], 



2ci + C2 Jo 



Ar^{x,T){p^x,T)-pUx))di 



(3.49) 



where 



h{x,t) 



ri{x)p'{x,t) - (r^ix) - r^{x,t))p'{x,t) + / P[{r^-y'-'){y,t) - {r^,-yy){y)]dy 



M 



2ci + C2 Jx 



[(r/5-"+in)(y,t) - (<-"+^o)(2/)]dy + 



2ci + C2 7o Jx 



r^'^'u^dydT, 



and 



/2(x,t) 



2ci + C2 Jo 



p 



t rM 



+ - 




[rfG{Mo + y){i 



,2-2n _ ^2-2n) ^ ^P- 



"+^Af]dydT. 



2ci + C2 Jo 

Using (IXT71) - (|3l8]) . (lOTD . Holder's inequality and the condition 62 < ^^^^ ^ " e+i+(7-g).2 



I.e., 



< 



1, we have 



r-r^)ix)\ < C|r"-d<C/ - p^^?/ < ^ / {M - y)'^ \g - g^\dy 



fl-l+(7-e)e2 



< C / (M-y) ^ ig-gooYdy 



'■ 6)+l + (7-9)£2 ^ 

(M-y) 7 dy 
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(3.50) 



rM 








J X 






f-M 




L ' 






Cel 


iV4-l 



M 



\p'-^-p'^^\dy<C {M-y)^\g-g^\dy 



-l+(7-9)e2 



M 



20 9+l+(7-9)e2 



(M — y) T T dy 



(3.51) 



using the fact 9 € (0, 5] and the estimate (|3.18p - (|3.19p . we have 



2ci + C2 



A/ 



[(r^-"+in)(y,t)-(ro^-"^^no)(y)]d2/ 



/9-n+l 



< C(M-x)5(||n||i2 + ||no||i2) 

< Ce^"'^'"'(M-x)^, X e [0,M]. 

Thus, from (fr23]) . (|3l7D - (13:20]) and (l330]) - (|332]) . we obtain 



and 



|/i(x,t)-r^p^l<Ci,i(M-x)-62-"'"\ 



\h{x,h)-l2{x,t2)\<Ci,2{M-x)el >2-ti|, 2;G[0,M]. 



(3.52) 

(3.53) 
(3.54) 



Claim 1.1. For any fixed x G [0,M], we have 
li(x,t)>min|/i(x,0),r^ fp^, _ gli^eg""'- (M - x) ) ' - C,,^el"'-\M - x)-^ 



Cl,3 



1,1) 



< 



Qr0 



where Ci 3 := 75— , - ^ , 

J^i'J 2ci+C2 — 2ci+C2 

Proof of Claim 1.1. If not, there exists ti^i > such that Ii(x,ti^i) < Mi^i, then we can find 
ti,2 e (0,ti,i) such that /i(x,ti,2) = Mi,i and Ii(x,t) < Mi,i for ah t G (ti,2,ti,i)- Prom ([33i]) 
we have 



-fi(a;,ti,i) - /i(a;,ti,2) + 



r^p-^ - p2o) > -C,,2el"'-\M - x){t,,, - ^1,2). 



2ci + C2 Jt^ 

From (j3.53p . we have 

p\x,t) = r^^{h{x,t) - {h{x,t) - r^p')) 



< r-^(Mi,i + C7i,i6g \M-x)-)<[p: 



2-"4- 



Cl,2 0-^4 



'00 ^_ 



1,3 



6g ^(M-x) , 



and 



0^ < fll 



Cl,2 2-^^4-1 



1,3 



4 ' (M-x), 



then /i(x,ti^i) > /i(x,ti^2)- It is a contradiction. Thus, Claim 1.1 holds. 
Similarly, we can obtain the following Claim. 
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Claim 1.2. For any fixed x G [0,M], we have 

h{x,t) < max |/i(x,0),r^ (^p^ + ^e^--*-!^^ - x))' + Ci,i6r"*"(M - x)f | := Mi,2, 

where Ci^4 is a positive constant satisfying Ci^4 > 2ci+c2 ' 
Prom Claim 1.1 and 1.2, we have 

e2-iV4-i 
^(a:^,*) - 500 (x) I < Ci^seJ 

where x G [0, M] and t G [0,T], when eo < du is small enough. □ 

Now, we can let 

ei = eo + Cioeo" • (3-55) 

If 4ei < min^.g[o,A4'] doo, C^ei < 5g, ei < 6io and eo < 6u, using the results in Lemmas I3.3H3.81 we 
finish the proof of the Claim 1. From (|3.6p and Claim 1, using the classical continuity method, 
we can obtain the following lemma easily. 

Lemma 3.9. Under the assumptions of Theorem [7771 we obtain |g. j?| j-( fg?7g|) . i3.33\)]3.3S\) . 
[34BD and 

\r{x,t) -roo(x)| < CiieJ (3.56) 
hold for all X £ [0, M] andt £[0,T*). 

Proof Let A = {T e [0,T*) \ I{t) < a for ah t G [0,T]}. Since /(O) < eo < ei and I{t) G 
C([0,T*)), then there exists a constant Tq > such that I{t) < ei for all t G [0, To]. Thus, ^ is 
not empty and relatively closed in [0,T*). To show that ^ is also relatively open in [0,T*)n[0,T], 
and hence the entire interval, it therefore suffices to show that the weaker bound 

I{t) < 2ei, for all t G [0,r'] C [0,T*), 

implies I{t) < ei for ah t G [0, T']. From Claim 1, we have A = [0, T*). 

Then, from Lemmas ESIESI we obtain (|3T7D - (l3T8]) . (|333l) - l3^ . UjSMh and ([336]) hold for 
all X G [0, M] and t G [0, T*). □ 

We will prove an estimate in weighted -L^([0,M] x [0, T*)) norm of the function g — goo- 

Lemma 3.10. Under the assumptions of Theorem \l.ll we obtain 

/ / il + sy{g-goo)^dxds<C, (3.57) 
Jo Jo 

where te[0,T*). 

Proof. From (jl.l5p . we have 

MP' - Plo) = [ +^)dy + [ G{Mo + y)(r-- - rl-^ndy 

+ (2ci+C2)/+i(r"-Mx-2ci(n- V--2ci(n-l) dy 

r \rJx 
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Multiplying the above equality by '^^(M— x) "^{p^ — plo), integrating the resulting equation 

over [0, M] x [0, t], we obtain 

/ / A{l + s)-'^{M -x)-^{p"< - pl^fdxds 
Jo Jo 

(1 + s)-2(^ _ ^)-2(^7 _ pT^) / -L^dydxds 

Jx f 

(1 + s)-^^(M - x)-\p^ - p1) / -^dydxds 

i-t i-M i-M 

+ / {l + s)-^^{M-x)-\p^ -Pi) G{Mo + y){r^-^^-r^-^^)dydxds 

Jo Jo Jx 
r-t r-M 

+ / / (2ci + C2)(l + s)-^^(M-x)-2(/-p2o)/+'(r""Mxdxd5 
JO Jo 

2ci{n - 1)(1 + s^iM - xY'^{p< - pl^)p^-dxds 
2ci(n-l)(l + .)-^HM-x)-2(/,T-p2o) j p'[-)jydxds 

6 

:= (3.58) 



1=1 



Using (fTTS]) . (fT:23]) . (IXT71) - (|3l8]) . (|333D - (l335]) . ([338]), LemmaEH integration by parts and 
the Cauchy-Schwarz inequality, we can estimate Fi as follows. 



M rM 



Fi = ^J^ {l + s)-^^M-x)-'{p^-p'y^)J ^dydx 
ft fM fM 

+ / e2{l + s)-^--\M-xr\p^-pl,) ^dydxds 

Jo Jo Jx 1^ 

ft fM fM 

+ / -f{l + s)-'^{M -x)-^p'^+\r''-\)^ ^—^dydxds 
Jo Jo Jx ^" 



ft fM fM 2 

+ / / {n-l){l + sr^^{M-x)-\p^-pl,) -dydxds 
Jo Jo Jx ^ 



fA/ \ \ / rM ^ 



< C||5-5oo||l- u^dxY (^J^ {M-x)-Uxy +C 



7-1 



P^^\r'''^u)ldxdsy (^j^ \\u{-,s)\\loods {M-xy'-^dx^ 



+C\\g - goch^, 

Jo 



\u{-,s)\\loods 



< C, (3.59) 
F2<c( [\l + t)-'-A ' ( f\l + t)/2dt^ ' < C, (3.60) 
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r{x,t) -roo{x)\ < C pj\g-goo\dy<c( pZo^ig - go^fdy] (/ '^dy 



< C{M - xy^ (yj%l^\g - goofdx^ ' , 



(3.61) 



M \i rM 



''-^-"lo\[ 1^ pZ^'ig-goofdx 



i-t i-M 

Fs < c (i+sr^%M-xr'\p^-p: 

Jo Jo 

< -jj^ {i+sr-{M-xr\p^-pi,fdxds 

(1 + s)-^V2o"'(5 - goo^dxds / (M - z)--dz 

Jo 

A /■* r*^ 

^ i^ + sr''{M-x)-\p^-pl,fdxds + C, 



(M - y) 27 dydx 



(3.62) 



2ci + C2 



2ci + C2 




(1 + s)-'HM - x)~\p^ - p<^){p\dxds 



JO 



{,1 



(M-x) 



-2 



7 + ^ 



e2(2ci + C2) 



(l + s)-'2-i(M-x 



JO 



- p2oP^ ) dx 



< C\\g - ffooIlL- j^M - xy-^dx (^1 + j\l + sy^-'^ds^ + C 



< c, 



(3.63) 



and 



t rM 



F. < C 



(1 + s)-'2 \\u{-,t)\\Loo [M - xy~^dxds 



JO 



< C \ I {l + sy^-'^ds 



{l + s)^-'^\\u{-,t)\\l^ds} <C (3.64) 



rt I'M I'M 

CJ J {1 + sy"'{M - xy^ J {\p%^\ + \p^-\\j dydxds 



10 Jo 

ft rM 



M 



< c {i + sy'^{M -xy^ 

Jo Jo 

y e-i 1 

< C {1 + sy^iM - x)~~^ 

Jo Jo 

ft rM 



p'+\l + p'-W]dy 



M 



p'-'dy 



dxds 



M 



p'^\l + p'-\']dy 



dxds 



< C 

< C. 



(1 + s)'-^' (^p'+\l + p'~\^) dxds^ (l + s) 

Prom (|338]) - (13:65]) . we get ([337]) immediately. 



-1-62 



dt 



(3.65) 
□ 
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Lemma 3.11. Under the assumptions of Theorem M.li we obtain 



{l + t)~'^ 

r-t f-M 

+ 



M 



iM-x)'-^p'-pl)lix,t)dx 




(1 + s)-^'iM - xf--{p' - pDUx, s)dxds < C, 



(3.66) 



JO 



for allt G [0,T*). 

Proof. From (j3.2|) . we have 

ft 



+ 



2ci + C2 
2C1 + C2 



2ci + C2 



(2C1+C2)2' 



2C1 + C2 



,/3 



2ci + C2 



2ci + C2 



„l+/3-n 



A/ 



r2n-2 ^ ' oo ^_(9V^A^oo7a 



pi) 



(3.67) 



Let H = 2^ri+^""u + r^ip^^ - r^ipDx, multiplying ([MZD by (1 + t)-'^{M - xf'-R, 
integrating the resulting equation over [0,M], and using the Cauchy-Schwarz inequality, we 
obtain 



d_ 

di 



{l + t)-'''{M - x) 



^~~H^{x,t)dx + Cn / {l + t)-'^M -xf~TH^{x,t)dx 
Jo 



M 



< Cl {l + t)-'%M-x)^^^({M-xy'^\Hu\ + \u^H\ + \AfH\)dx 



M 



+ / {i + ty'(M -xf' 







r^G^^ + P^-^^Ap-^ 



,/3 
' oo 



r2n-2 ' 7-6* 
^ P60 



ooJx 



\H\dx 



4 JO 



< ^1 {l + t)-'^{M -xf fH\x,t)dx + C\\ui;t)\\loo+C\\u{;t)\\loo\\u{;t)\\l2 



+Cft + C {l + t) 



M 



^ Poo 



oo)x 



dx. 



(3.68) 



Here, we use the estimates (I3.17p - (l3.18p and the condition € (0,7 — 1). From p.9p and ()3.17p - 
(|3.18p . we have 

2 



M 



Mo + x p^ 



M 



(l+t)-'^ 
rM 



r^G'-^ + 
r^G 



dx 



Poo 

Mo + x ^(p^-^^)(Mo + x) 



r2n-2 



G- 



(p2o-')(ri"-2) 

plVl 

< C {l + tr'^[ir-r^f + ig-goof]dx. 
JO 

FVom ([rail and (I5:B5D - (IM|) . we obtain 



dx 



(3.69) 



d 
di 



l-AI g fi pM 

/ il + t)-'^{M -xy''^H\x,t)dx + — / (1 + 
Jo 2 Jo 



t)-^^M -x) ~H'^{x,t)dx 
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M 



<C {l + t)-'^[{T-r^f + {g-g^f)dx + C\\u{;t)\\l'^+Cfl (3.70) 

JO 

Prom (A2), (fr23]) . (f333D - (|3:35]) . (|336]) - (|3371) and (|3:70]l . we obtain (|3:66]) immediately. 



□ 



Lemma 3.12. Under the assumptions of Theorem M.li we obtain 



{l + ty-'^J [p^-^u^ + p^+^ulj{x,t)dx + j J (l + sY-'^u^t{x,s)dxds <C, (3.71) 

||n(-,t)||Loo <C(l + t)-5+f , (3.72) 

for alltG [0,T*). 

Proof. Multiplying (|1.15|) 9 by {l + t)^~'^'^ut, integrating the resulting equation over [0,M] x [0,t], 
using integration by parts and the boundary conditions (|1.17p . we obtain 

rt t-M 



{1 + s)'^~'^u^{x,s)dxds 



^(1 + sy-'^p''d^{r'^-'ut)dxds 

t f-M 



(2ci + C2)(l + sf-'^p'+'^d^{r''-\)d^{r''-\t)dxds 



'0 JO 
ft t-M 



+ 




2ci(n - 1)(1 + sf-^^ d.^{r''-'^uut)dxds 



t rM 



JO 




{1 + sf-'^futdxds 



JO 



(3.73) 



i=l 



Using (A3), (fr23]) . (|3T7l) - ([3l^ . ([333]l - (f33^ and the Cauchy-Schwarz inequality, we obtain 
H2 + -f^s 



(1 + .)^-^ / 
JO 



'^-^^p'^'mr''-'u)f + ci(n - l)p'd.Ar-W) 



dx 



t rM 



+ 




(2ci+C2)(l-e2) 



il + s)-'^p^+%r''~\)ldxds 



'0 JO 

ft rM 



'0 Jo 
ft /.Af 



+ 




JO 



ci(n - 1)(1 - e2)(l + s)-'^p''d^{r''-^u^)dxds 

(1 + s)i-^2 {(2ci + C2)(n - l)/5i+''a.(r"-itx)a.(r"-2n2) 



^^^i±^(l + e)p'+'[dAr''-\)f + 20ci(n - l)p^+^^[a.(r"-i..)]2 
2 r 



ecin(n - l)p^^a^(r"-in) + 2nci(n - l)(n - 2)/ 



-1 



3ci(n - l)(n - 2)/)''^a^(r"-^n) } dxds 



< C + C {\\u\\L^ + \\p{r^-^uU\L^){l + s 



M 



p^+\r^-^u)l + p'-'u 



1„,2 



dxds 
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-Ci4(l+t) 



1~£2 



M , 



'0 



dx, 



(3.74) 



+ / Ap'^d,{r^-^u)dx\ + / / 

Jo ) Jo Jo 



A-f{l + s)^-''p''+^[d^{r''-\)fdxds 



ft rM 

- / / 2A{n - 1)(1 + sY-'^p'~<-d^{r'^-^u)dxds 
Jo Jo r 

nM 2 
An(n - 1)(1 + s)^-'^p'''^^dxds 

A{1 - e2)(l + s)~'^p'^d^{r''-^u)dxds 

I'M 

< (l + s)^-'^ / Ap'^d^{r''-\)dx + C, 
Jo 



ft j-M j-t j-M 

+ 11 {l-n){l + sf~'^G{Mo + x)r~''u^dxds- / / {I + sf-'^ ^futdxds 
Jo Jo Jo Jo 

< _(i + + C+ \ f + s^-'^uUxds. (3.76) 



Gn(Mo + x) 

rn—l 



(3.75) 



dxds 



10 JO 

Using (j3.17p - (j3.18p . (j3.24p . (j3.33p . integration by parts and the Cauchy-Schwarz inequality, we 
obtain 



{l + sf^'^ / Ap^'d^{r''-^u)dx-{l + sf-''' / G- 
Jo Jo 

= (l + s)^-'^ / (yl/>^a^(r"-in)+r"-in(Ap2o)x-G'r"-in(Mo + x)(r2-2n_^2-2n)^^^ 
Jo 

= (1 + s)'-^' / (^(p^ - p2o)5.(r"-^) - Gr"-itx(Mo + x){r^-^" - r^'^")) dx 
JO 

< ilH(l + t)i-W p'+\r^-^u)ldx + C {l + tf-^^[pr^\g-g^f + {r-r^f]dx 

4 Jo JO 



< 



14 



(l+t)l--/ , 
JO 



pi+^(r"-in)2dx + C. 



(3.77) 



Prom ([373]) - (j37771) . we can obtain 



(l + i) 



l-e2 







1„,2 



i-t I'M 

dx+ I I {1 + sf-'^u]dxds 
Jo Jo 



< C + C {\\u\\l^ + \\p{r'^-\U\L^) (1 + s) 
Jo 

-M 
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X 







p'^\r--\)l + p'-\' 



dxds. 



(3.78) 



From (j3.3p . we have 
/J(r"-^n), 
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(2ci + : 



1 r II r^^ 



:^ + 2c,(n-l)/(^ 



/ 



r y X r 



n~l 



dy 



Using conditions 6 e (0, |] n (0,7 - 1), ([03]), estimates (f3l71) - (f3:20|) and Holder's inequality, 
we conclude that 



AI , 



\\pdxir^-'u)h^ <C + C{ \\ui;t)\\'U + / p'+\r"-\)l + ut 



dx 



Using (|3.24p . (|3.34p . (|3.78p - (j3.79p and the Cauchy-Schwarz inequality, we can obtain 



+ 



l-£2 



M , 



t rM 



dx + 



{1 + sf-^^u^dxds 



< C + C 



t / rM 



\J0 



JO 



dx 1 (is. 



Using Gronwall's inequality and the estimate (j3.34p . we obtain (j3.7ip immediately. 
From (j3.17p . (|3.7ip and the fact G (0,7 — 1), we can obtain 



|n(x,t)| < 



Uxdy 



<C{ I p'+'uldy 



9+1 \ 2 

(M-y) -> dy 



< C{l + t)-2+^, {x,t) G [0,M] X [o,r*). 



(3.79) 



□ 



Lemma 3.13. Under the assumptions of Theorem \l.ll we obtain 



M 



t rM 



uf{x, t)dx + 




10 Jo 



dxds < C 



11) 



for allt G [0,r*). 



(3.80) 
(3.81) 



Proof. We differentiate the equation (jl.lSp ? with respect to t, multiply it by ut and integrate it 
over [0, M] x [0, t], using the boundary conditions (|1.17p . then derive 



M 



M 



-uidx 



t rM 



uf{x, 0)dx 



Jo 



(2ci + C2)p'+'dx{r''-'u) - Ap^ - 2ci{n - l)p' 



,u 



t rM 



x9x((ra — l)r" uut)dxds 



dt 



Jo 



{2ci + C2)p'^'dx{r^-'u)-Ap 



)U1 



t rM 



-2ci{n-l)p"- dx{r''-'ut)dxds + 
ri 



Jo 



2ci(n - l)dt{r''-'p'dx{-))utdxds 

r 



t rM 



ftUtdxds 



Jo 



(3.82) 



i=l 
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Prom (A2)-(A3), we have 
Ji < C 



(2ci +C2)p;5+^(r^-'no)J - 2ci(n - l) — {pl)^ 



L2 



+ \\{plUL^ + \\f{x,r^M\L^f 
< C. 

From ()3.17p - p.20p and the Cauchy-Schwarz inequahty, we get 



ft rM , 



'0 JO 
ft f-M 



(2ci + C2)p'^\r^-^ut)l - 2ci(n - l)p%r^~-'ui) 



dxds 



{(2ci+C2)(l+ 



in 



l)(2ci+C2)pi+^9.(r"- 



-7P^+^5^(r""^n) - 2ci(n - l)ep^+^d^{r''^\)- - 2ci(n - 



:[{n-l)— + r'^-^utMxds + 2ci(n - 1) 
rp 



r 

t pM 




Jo 



{(n-lK-Wf-) 
V r / x 



ft /-Af 



,n-l 



ut]dxds 



Jo JO 

ft , , rM , 

|2 , ll„/„ra-l 



+C I {\\uWU + \\p{r--'uUh 



dxds, 



10 ^ 'JO 
Prom p.lip . (j3.17p - (|3.20p and the Cauchy-Schwarz inequahty, we obtain 



J2 < ^ f r {p'-w,+p'+w^dxds+c 



Jo 
t 



+C I ( \\u\\l^ + ||p(r" ^uUll^ 



M 



e+1 2 , 6»-l 2 
P + P u 



dxds 



and 



J5 < 



C 



15 



t />M 



p^ ^ufdxds 



'0 JO 
ft rM 



{G{Mo + x)r-"|u| + \drAfu\ + |atA/|) V^^dxds 



< 9r r r'^-^uldxds + C. 



PYom ([mD - dM]) . we have 

fM 



t /-M 



(x, + 
Jo Jo 

t 

2 I ll„/„n-l 




e+1 2 I 6»-l 2 



dxds 



< C + CJ^ (lklli- + l|p(r-"-^n),||i; 



M 



dxds. 
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Prom (|37m) - (137721) and (I3779I1 . we have 

\\pd^{r''-\)\\L^<C + C\\ut\\Li. 
From (I3:20]l . (l37rT|) - (13:72]) and (13:8711 - (ISlHSD . we obtain 



(3.88) 



M 



^0 



A/ 



dxds 



< C + C 



JO 



(ix||ut||^2 ds. 



Using Gronwall's inequality and the estimate (j3.20p . we obtain (j3.80p - (|3.8ip immediately. □ 

Proof of existence and uniqueness 

If T* < oo, from Lemmas ESJElSl we have, for all te[0,T*), 

C-\M -x)^/^ < p{x,t) < C(M-x)^/^, X G [0,M], 



/ {M-xf--{p%ldx<C, / {p^)ldx<C, 
Jo Jo 



M 



r, 9 + 1 o 

+ {M -x) -> uldx < C, u(0, t) = 0, 



M 



(2ci+C2K+^(r 



2ci{n - l)-d^p^Y dx < C. 
r ) 



Thus, from Theorem 13. H there exists T2 > such that the free boundary problem (jl.l5p - (|1.17p 
admits a unique weak solution {p2,U2if2){x,t) on [0,M] x [T* — ■^,T* + -^], with initial data 
{p,u,r){x,T* — Using the uniqueness result in Theorem 13. H we obtain that 



{p,u,f){x,t) 



{p,u,r){x,t), 



t G [0, T* 



I21 
2 J 



{P2,u2,r2){x,t), te[T* -^,T* + ^] 



is a solution of the system ()1.15p - ()1.17p . which is contradiction with the definition of T* . Thus, 
we have T* = 00. From Lemma [3.9113. 131 we can show that the global weak solution satisfies the 
regularity conditions (|1.25p - ()1.26p and (|1.28p in Theorem ll.il 

Remark 3.2. The uniqueness of the solution of Theorem 13.11 is obtained by the energy method. 
Let {ui,pi,ri), i = 1,2, be two solutions of the system (11.15p - (|1.17p satisfying the regularity 
conditions in Theorem 11.11 Using similar arguments as that in the uniqueness part in [3] ) we can 
obtain, for all T > 0, 



d 
It 



/ / 2 I 1-6* 29-4 2 , e -l^2\ i 

[u^ +Pi P2 e + P1P2 ^ jdx 



r-M 



M 



w 



dx 



< cj^ (w^ + p\-'^pf''e' + pWT^') dx, t e [o,r], 

where {w,g,TZ) = {ui — U2,pi — P2,ri — r2). Using Gronwall's inequality, we could obtain 
(ui,pi,ri) = {U2,p2,r2), a.e. {x,t) G [0, M] x [0, T]. 
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4 Further decay result 



Lemma 4.1. Let v he a positive constant satisfying v < min{l, }. Under the assumptions 
of Theorem \l.l\ we obtain 



7+9 1+1 
P 2 (•,*) - Poo' (•) 



< C(l +t)-4 + - 



||r(-,i) -roo(-)l|L- < 
for all t > 0, where Cy is a positive constant depending on v . 

Proof. From (lOSll . (I336D and dMSD, we have 



(4.1) 
(4.2) 



p— - Poo' J < C7(l + t)^^ t > 0. 



(4.3) 



1 

Combining ()3.33p and the Gahardo-Nirenberg inequaUty < ll^ll^a II</''II22) we obtain 



P 2 -poo' 



< c(i + t)-^+^, t > 0. 



Prom ([3l71) - (f3l8]l . (fOHjl and gl]), we have 



P 2 (•,t)-poo' (•) 



7+fl 



< Clip— (•,*)- Poo' (Oll^o. <C7(l + t)-4+-, 



I'M 

< c / |p-i-p-Vx 

Jo 

< C||p^(-,i)-Poo' 



\r{-,t) - Tc 



oorJ 



< Cy{i + t)-^+—, 



_i_il2±£) 

/ {M - X) 27 (fx 

JO 



for all t > 0. 



□ 



Using similar arguments as that in Lemmas 13.61 I3.11II3.12] and 14.11 with u = ^^y- , we can 



obtain the following lemma and omit the proof. 
Lemma 4.2. Under the assumptions of Theorem M.li we have 



M 



{M-x) -> (g-goc) dx + 



[p2^\g - goof + (r - Too)'] dxds < c, 

[u'ix^t) + {M- x) — {g - goof + (r - r^f^ dx < C(l + t)-\ 



(4.4) 
(4.5) 



t f-M 



il + s)\\u{;s)\\lo.ds+ I J {l + s)(^p'+\l + p'-^u^'){x,s)dxds<C, (4.6) 



M 



t rM 



{M-x)'~^p'-pl)l{x,t)dx+ / {M-xf-T{p^-pl)l{x,s)dxds<C, (4.7) 



Jo 



I'M 
+ / 

Jo 



p^'^u^ + p^^^ul] ix,t)dx + 



t rM 




{1 + s)uf{x,s)dxds <C, (4.8) 



JO 



for all t > 0. 
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Remark 4.1. The key point is: similar to (j3.32p . using the estimates (|3.18p . (j3.34p . (j4.2p and the 

7-1 
2(37-1)^ 

rt f-M 



condition 62 < n/L, "^is , we have 




JO 



2ci(n- 1)/ -( 2£) dxds 

^ r n n ' 



< C [\r-r^\{\p\.,\ + \p^-'u\^+p^\u{p-^ - p^)\^dxds 



+C I {l + sr-'\\r{;t)-r^yj^^L 



M 







(OIIloo 



(M — j;) T dxfis 

M 



e+i 2 1^(7+9) 
(M — x) T ^ T dxds 







+C / (l + sr-'\\p-^i;t)-p 

Jo 

< C + C [ {l + sy^-^-^^'^''ds<C, t>0. 
Jo 

Without loss of generality, we assume r] G Let €4 S (0, 3(!^%) ) be a constant 

satisfying , 37^^^/-! , -4 - > " ^- Define {kj} and {7]j} by 77^+1 = 1 + Kj, = ^Vi^lg.^ Vj - 

^ 2(7+9) 2 w / 

~ ^ ~ l'' % = 1- Let A'^s be a positive integer satisfying r/Ar^ > — V- It is easy 

to see that ij < 2 and Hj < 1, j = 0, 1 . . . ,Nr,. Using similar arguments as that in Lemma 14.21 
applying the induction method, we can obtain the following lemma and omit the proof. 

Lemma 4.3. Under the assumptions of Theorem \l.ll we have 

|u2(x,t) + (M - x) — {g - goof + (r - r^fj dx < C^,,(l + t)-^\ (4.9) 

J\l + sP\\u{-,s)\\lo.ds + (1 + i/^^^l + p^-^u^'^ {x,s)dxds < Cr,,j, (4.10) 







<Cr,,j{l+t)-^ 



P 2 i-^t)- pj (•) 

{l + sr^[pV{9-9oo? + { 
(1 + t)''^ J i^p^-^u^ + p^+^lj {x, t)dx + J J (1 + s)'^^u|{x, s)dxds < C, 



(r — Too)^] dxds < C; 



M-,t)\\L^ < c^j{i + t)--, 

for all t > 0, j = 0, . . . , N^, where Cr^j is a positive constant depending on rj and j. 



(4.11) 

(4.12) 

(4.13) 
(4.14) 



Remark 4.2. The main difficulty is to show (j4.12p with j = k, when ()4.9p - (j4.1ip hold with j = k. 
Prom (I32ZD-(I32H]), we have 



(l+t)"'' 



MpI. - P'){P-^ - P-J) + ^(Mo + x){r 

T f-M 



2-2n 2-2n\r ' oo ^ 



')( -) 

n n 



dxdt 



(l+t)«fe^( ^)dxdt 



(l + t)'=^A/ri-" 



JO 



2£ dxdt 

n n I 
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(1 + tr^{2ci + C2)p'+'d,ir^-\){p^' - p-^)dxdt 



T rM 



+ 




^0 



(l + tr'=2ci(n-l)/ -(■ 

r n n 



)\ dxdt := ^Qj, T > 

J X j=l 



(4.15) 



and 



T rM 



L.H.S of (|i:T5|) > Ci2 



JO 



dxdt. 



(4.16) 



(l + t)'^'= ^/,7^-l(5_g^)2 + (^_^^)2 

Similar to (|3.29p - (j3.32p . applying the estimates (|3.17p - ()3.20p . (j4.4p . integration by parts, the 
Cauchy-Schwarz inequ 
estimate Qi as follows. 



Cauchy-Schwarz inequality and the fact that Kj = ^J^^^g^^ Vj ~ ^Vj ~ \ ~ ^ < Vji can 



Qi < 



M 



T rM 



+c 
< c 




r"^ ^ \ n n 



(1 + *)'''= ^\u\\r - rao\dxdt 



^\dx +C I il + tY^Wufj^dt 



JO 



Q2 < ^ / (l + tr" (r- roof dxdt + C /i (!+*)"= 

D Jo Jo Jo 



dt 



C 



< ^1 I {l+tr'{r-rooTdxdt + C, 



T rM 



(4.17) 



(4.18) 



/o Jo 

rT rM 



Qz < C 




{l + tf^p^+%r'''^u^)ldxdt 



< c, 



Jo 

nM 



(1 + t)2'^fc-^'= — —{M - x)~ ~dxdt 



(4.19) 



where ui = '^^^p^ - £4, 
and 



k(-,t) -roo(-)l|L- < C{l + t) — 



T rM 



Qa < c 



10 Jo 

rT rM 



(1 + tf^ (^pi+^(r"-iu^.)x + P'^'^u^) dxdt 



Jo Jo 

< C. (4.20) 

Prom (fiJ5]) - (fO0|) . we finish the proof of with i = A;. 

Prom (|4.12p with j = N^, using similar arguments as that in Lemma I3.1H we can obtain the 
following lemma and omit the proof. 

Lemma 4.4. Under the assumptions of Theorem \l.l\ we have 

cM 

(M - xf-'-^ip' - pDldx < C,(l + t)"-"^, (4.21) 



V 37+39-1 

\\p''{;t)-pU-)\\L^ <C{l + ty^ t>0. 



(4.22) 



Thus, we finish the proof of Theorem II. 1[ 
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